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Abstract
Given a pair of Latin squares, we may remove from both squares those cells that contain the same symbol
in corresponding positions. The resulting pair T = {P1,P2} of partial Latin squares is called a Latin bitrade.
The number of filled cells in P1 is called the size of T . There are at least two natural ways to define the genus
of a Latin bitrade; the bitrades of genus 0 are called spherical. We construct a simple bijection between the
isomorphism classes of planar Eulerian triangulations on v vertices and the main classes of spherical Latin
bitrades of size v − 2. Since there exists a fast algorithm (due to Batagelj, Brinkmann and McKay) for
generating planar Eulerian triangulations up to isomorphism, our result implies that also spherical Latin
bitrades can be generated very efficiently.
© 2007 Elsevier Inc. All rights reserved.
Keywords: Steiner triple trade; Latin bitrade; Eulerian triangulation; Isomorph-free generation
1. Definitions
1.1. Steiner triple trades
A partial Steiner triple system is a set of 3-subsets (“triples”) of a finite ground set V such
that each 2-set of points occurs as a subset of at most one triple. (We will also assume that
each point from V is used in some triple.) A Steiner triple trade {T1, T2} is an (unordered) pair
of partial Steiner triple systems such that for each {x, y, z} ∈ T1 (respectively, T2), there exist
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(respectively, T1).
Throughout this note graphs are simple with no multiple edges or loops allowed. An Eulerian
graph is a graph in which each vertex has even degree. A triangulation of a surface is an em-
bedding of a graph in that surface such that each face of the embedding is a triangle. A planar
triangulation is a triangulation of the sphere.
Given a Steiner triple trade {T1, T2}, we will associate with it the graph G as follows. Let the
vertex set of G be V and connect two vertices by an edge if and only if that pair is a subset of
some triple of T1 (equivalently, T2). Let E(G) denote the edge set of G. Note that each edge of
the graph belongs to exactly one triple of T1 and exactly one triple of T2. This implies that G is
Eulerian.
A Steiner triple trade {T1, T2} is said to be connected if and only if the corresponding graph G
is connected.
We say that the point v ∈ V is separated if there do not exist distinct points w1, . . . ,wn,
x, z ∈ V such that {v,wi,wi+1} ∈ T1 ∪ T2 for all i = 1, . . . , n (where we take wn+1 = w1) and
at the same time {v, x, z} ∈ T1 ∪ T2. A Steiner triple trade is said to be separated (or to possess
the separation property) if every vertex is separated. We note that any non-separated Steiner
triple trade may be transformed into a separated Steiner triple trade by a process of splitting the
non-separated vertices.
A mesh in a connected graph H is a set C of cycles of H in which every edge of H occurs
twice. Clearly T1 ∪ T2 is a mesh in the graph G defined above. It is known (see, for example,
[6, Chapter 35]) that a mesh in H induces a surface embedding of H (with the cycles in C being
the faces of the embedding) if and only if the mesh satisfies the vertex condition; for Steiner triple
trades this is equivalent to the separation property.
Thus the graph G corresponding to a connected, separated Steiner triple trade has an embed-
ding in a (possibly non-orientable) surface in such a way that the triangles in T1 ∪T2 are precisely
the faces of the embedding, that is, we get a 2-colored triangulation of the surface. (The existence
of such an embedding was first observed in [4].)
The Euler characteristic of this surface (and of G) is given by:
χ = |T1| + |T2| −
∣∣E(G)
∣∣ + |V | = |V | − |T1|.
If χ = 2, then the surface must be a sphere. In this case G is planar and we also say that
{T1, T2} is planar. This gives the following lemma.
Lemma 1.1. A connected, separated Steiner triple trade {T1, T2} on the set V is planar if and
only if |T1| = |V | − 2.
Note that, by definition, each planar Steiner triple trade must be connected and separated.
1.2. Latin bitrades
A Latin bitrade is a Steiner triple trade satisfying an additional condition. The triples are
ordered, and the set V is partitioned into three subsets such that the ith coordinate of each triple
is drawn from the ith subset. Formally, a partial Latin square P is a set of ordered triples from
V1 × V2 × V3 (where V1, V2 and V3 are pairwise disjoint and V = V1 ∪ V2 ∪ V3) such that if
(x, y, z) ∈ P then
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(2) (x, y′, z) ∈ P implies that y′ = y and
(3) (x, y, z′) ∈ P implies that z′ = z.
As for partial Steiner triple systems, we assume that each point of V is used in some triple.
A Latin bitrade (or sometimes Latin trade) T = {P1,P2} is an (unordered) pair of partial Latin
squares such that for each (x, y, z) ∈ P1 (respectively, P2), there exist unique x′ = x, y′ = y and
z′ = z such that (x′, y, z), (x, y′, z) and (x, y, z′) ∈ P2 (respectively, P1). The value |P1| = |P2|
is called the size of T .
There are two methods in the literature to define the genus of a Latin bitrade. The first method
is to simply drop the ordering of triples in order to create a Steiner triple trade. In this sense we
define that a Latin bitrade is separated (connected) if and only if the underlying Steiner triple
trade is separated (connected).
Assuming that the Latin bitrade is separated and connected, we can thus create an embedding
of the Latin bitrade in a surface. Next, we add an orientation to each edge so that for each ordered
triple (x, y, z) ∈ P1, there is an arc from x to y, from y to z and from z to x. This orientation
proves that there is an embedding of any connected, separated Latin bitrade in an orientable
surface. Thus each such bitrade has a non-negative integer genus given by:
g = (2 − |P1| − |P2| +
∣∣E(G)
∣∣ − |V |)/2 = (2 + |P1| − |V1| − |V2| − |V3|
)
/2. (1)
The second method for defining the genus of a connected, separated Latin bitrade was intro-
duced by Drápal [3]. We refer the reader to [3] for more detail. We note only that the two methods
give the same formula (1).
We say that the Latin bitrade T is spherical if T is connected, separated and of genus 0.
It is important to clarify the notion of equivalence for the above combinatorial structures. For
Steiner triple trades (or graphs), two structures are isomorphic if one can be obtained from the
other by a relabeling of the ground set (or the vertex set).
Two Latin bitrades T = {P1,P2} and T ′ = {P ′1,P ′2} (where Pi ⊂ V1 × V2 × V3 and P ′i ⊂
V ′1 ×V ′2 ×V ′3) are said to be isotopic there exist bijections πi :Vi → V ′i that map T to T ′. Another
equivalence, denoted conjugacy (or parastrophy), arises if T is mapped to T ′ by permuting the
sets Vi , i.e., if there exists a permutation π of {1,2,3} such that letting V ′i = Vπ(i) transforms T
to T ′. If one Latin bitrade may be obtained from the other by conjugacy and/or isotopy, then they
belong to the same main class.
Two vertex colorings (or face colorings) will be considered equivalent if one can be obtained
from the other by relabeling the set of colors.
Now let G and H be two isomorphic planar graphs. Let EG and EH be plane embeddings
of G and H , respectively. Let f be an isomorphism between G and H . We say that f is an
orientation-preserving isomorphism of EG and EH provided that the following holds for each
vertex v of G: if (e1, . . . , ek) is the list of edges incident with v written in the clockwise order
around v, then (f (e1), . . . , f (ek)) is the list of edges incident with f (v) written in the clockwise
order around f (v). Similarly, we say that f is an orientation-reversing isomorphism of EG
and EH provided that the following holds for each vertex v of G: if (e1, . . . , ek) is the list of
edges incident with v written in the clockwise order around v, then (f (e1), . . . , f (ek)) is the
list of edges incident with f (v) written in the counter-clockwise order around f (v). We say
that the embeddings EG and EH are isomorphic if there exists either an orientation-preserving
isomorphism or an orientation-reversing isomorphism between EG and EH .
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We will construct a simple bijection between planar Eulerian triangulations on v vertices and
spherical Latin bitrades of size v − 2. This result was motivated by our observation that the
sequence of numbers of main classes of spherical Latin bitrades (determined by Wanless [9] as
a by-product of his exhaustive classification of Latin bitrades of size up to 19) is equal, up to a
shift, to the sequence of numbers of non-isomorphic planar Eulerian triangulations obtained by
Holton, Manvel and McKay [5]. (For completeness let us note that the article [5] deals with the
enumeration of the dual objects, that is, cubic 3-connected bipartite planar graphs.)
The following lemma is well known. A proof may be found, for example, by dualizing Theo-
rem 2.4 [8, p. 24].
Lemma 2.1. Any planar Eulerian triangulation is face 2-colorable.
The following theorem is very old; it was known already to Heawood. A straightforward
inductive proof may be found for example in [8].
Theorem 2.2. (See [8, Theorem 2.5].) Let H be a planar cubic graph. Then any plane embedding
EH of H is face 3-colorable if and only if each facial cycle of EH has an even length.
We are now ready for our main result:
Theorem 2.3. There is a bijection between the main classes of spherical Latin bitrades of size
v − 2 and the isomorphism classes of planar Eulerian triangulations on v vertices.
Proof. Let EG be a planar Eulerian triangulation with the underlying graph G on v vertices.
From Lemma 2.1, EG is face 2-colorable. Define T1 and T2 to be the sets of triangles in the
graph G that make up the faces of colors 1 and 2, respectively. Then clearly {T1, T2} is a planar
Steiner triple trade. (Since {T1, T2} is an unordered pair, swapping colors 1 and 2 gives the same
planar Steiner triple trade.) By Lemma 1.1 a connected separated Steiner triple trade is planar if
and only if its size is two less than the number of vertices of the triangulation. Thus |T1| = v − 2.
Next, let G∗ be the dual of G. Observe that G∗ is a planar cubic graph. Taking H = G∗ in
Theorem 2.2 implies that any plane embedding of G∗ is face 3-colorable. Thus G is vertex 3-
colorable, that is, there exists a proper vertex coloring of G with colors 1, 2 and 3. Now if we let
Vi be the set of vertices of G colored by color i (i = 1,2,3), then we see that {T1, T2} is in fact
a spherical Latin bitrade of size v − 2. Note that a proper vertex coloring of G with 3 colors is
unique up to renaming the colors: Indeed, once we color the vertices of an arbitrary triangle of G,
the colors of all remaining vertices of G are forced uniquely. Thus any Latin bitrade produced
from EG using the steps listed above lies in the same main class. Moreover, if E′G is a plane
Eulerian triangulation isomorphic to EG, then it is clear that the resultant Latin bitrades also lie
in the same main class.
Conversely, let T = {P1,P2} be a spherical Latin bitrade of size v−2 with triples from the set
V1 × V2 × V3. Removing the order from each of triples in P1 and P2 results in a planar Steiner
triple trade on the ground set V = V1 ∪ V2 ∪ V3 with |V | = v. As outlined in Section 1.1, the
graph G constructed from this planar Steiner triple trade can be embedded as a planar Eulerian
triangulation EG. Steinitz’s theorem [7, p. 63] implies that G is 3-connected and subsequently it
follows from Whitney’s theorem [7, p. 39] that any other plane embedding E′ of G is isomorphicG
N. Cavenagh, P. Lisoneˇk / Journal of Combinatorial Theory, Series A 115 (2008) 193–197 197to EG. That is, any planar Eulerian triangulation produced from a given Latin bitrade T using
the aforementioned steps lies in the same isomorphism class. Finally, it is also clear that if T
and T ′ are two spherical Latin bitrades lying in the same main class, then the planar Eulerian
triangulations produced from them are isomorphic. Indeed, the only essential difference between
T and T ′ is in the ordering of the sets V1, V2 and V3; however this ordering is discarded when
we take the union V = V1 ∪ V2 ∪ V3 as explained above. 
It is worth noting the dependence of the above theorem on planarity. Orientable Steiner triple
trades of genus 1 need not be tripartite (i.e., the corresponding toroidal triangulations need not
be vertex 3-colorable), as can be seen for example by considering the face 2-colorable Eulerian
triangulation (i.e., the Steiner triple trade) arising from the well-known triangular embedding of
the complete graph K7 on the torus [6, Example 35.2].
2.1. Generation of main classes of spherical Latin bitrades
Batagelj showed [1] that all planar Eulerian triangulations can be inductively generated from
the graph of the octahedron by two types of expansion moves. Subsequently, Brinkmann and
McKay modified Batagelj’s method to a very efficient algorithm for isomorph-free generation
of planar Eulerian triangulations, which they implemented in their plantri package that is freely
available on the Internet [2].
Theorem 2.3 allows one to use plantri to generate spherical Latin bitrades at an astonishing
speed. We obtained version 4.1 of plantri from the URL listed in the reference [2] below, and
we performed some timings on a Sun workstation with an AMD 64 Opteron processor running
at 2.4 GHz. For example, all 24,873,248 non-isomorphic planar Eulerian triangulations on 26
vertices were generated in less than 1 minute of CPU time.
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